In this paper, the reproduction of trigonometric polynomials with two-overlapping local cosine bases is investigated. This study is motivated by the need of representing most e ectively a Fourier series in the form of a localized cosine series for the purpose of local analysis; thus providing a vehicle for the transition from classical harmonic analysis to analysis by Wilson-type wavelets. It is shown that there is one and only one class, which is a one-parameter family, of window functions that allow pointwise reproduction of all global harmonics, where the parameter is the order of smoothness of the window functions. It turns out that this class of window functions is also optimal in the sense that all global harmonics are reproduced by using a minimal number of the local trigonometric basis functions.
Introduction
Following the approach of Sullivan, Rehr, Wilkins, and Wilson in 9] for the localization of trigonometric basis functions, Daubechies, Ja ard, and Journ e 5] presented a characterization of window functions in the Fourier domain that can be used to localize certain trigonometric polynomials to give an orthonormal local trigonometric basis of L 2 := L 2 (R):
In another development, Malvar 7] introduced an e cient algorithm based on certain lapped orthogonal discrete cosine transform (DCT) to remove \block artifacts" induced by block DCT, while Coifman and Meyer 4] gave a set of su cient conditions under which the \two-overlapping" window functions give rise to an orthonormal local cosine basis of L 2 .
Here, the notion of \two-overlapping," introduced in Chui and Shi 3], can be described as follows. Let fa j : j 2 Zg, with a j < a j+1 and lim j! 1 a j = 1, be arbitrarily given. Then the functions w j (x); j 2 Z; de ned on R, are called two-overlapping window functions, if there exist positive numbers j ; j 2 Z, with j + j+1 a j+1 ? a j ; j 2 Z; such that supp w j a j ? j ; a j+1 + j+1 ]; j 2 Z:
(2) Observe that two-overlapping window functions satisfy the property that the supports of any two non-adjacent ones do not overlap, except possibly at the end-points of their supports. In other words, if the values of w k (x) at the end-points of their supports are set to be zero (when they are not continuous there), then under the conditions (1){(2), we have w j (x)w k (x) = 0 for all x 2 R, as long as jj ? kj > 1.
In 4], Coifman and Meyer gave the following conditions on the two-overlapping w j (x) 0 s to ensure that they are window functions of an orthonormal basis of L 2 : 0 w j (x) 1; x 2 R; (3) w j (x) = 1; a j + j x a j+1 ? j+1 ; (4) w j (a j + x) = w j?1 (a j ? x); jxj j (5) w 2 j (a j + x) + w 2 j?1 (a j + x) = 1; jxj j : (6) More precisely, the main result in 4] can be stated as follows: if w j (x); j 2 Z, are two-overlapping window functions that satisfy (3){(6), then the localized cosine functions k j (x) := w j (x) cos (k + 1 2 ) x?a j a j+1 ?a j ; j 2 Z; k 2 N 0 ;
constitute an orthonormal basis of L 2 . A detailed study, including certain generalization of this result to allow for other trigonometric polynomials, can be found in 1, 2]. More recently, in order to give more exibility to include various desirable features (which are sometimes required in certain applications), orthogonality is replaced by biorthogonality. For example, in 6], Jawerth and Swelden introduced dual windowsw j (x) to replace (6) by w j (a j + x)w j (a j + x) + w j?1 (a j + x)w j?1 (a j + x) = 1; jxj j ; so as to remove the restriction (3) on the nonnegative two-overlapping window functions w j (x). However, the conditions (4) and (5) on w j (x) were still retained in the study of biorthogonal local cosine bases in 6]. In 8], since the interest was to determine \optimal" bells, the constraint w j (x) = 1 for a j + j x a j+1 ? j+1 in (4) must be removed.
So, in both 6] and 8], even though dual window functionsw j (x) were introduced, the \symmetry" property (5) of w j (x) was still retained. In applications to signal processing, such as speech analysis and synthesis, it is best not to impose any symmetry condition on the window functions, since arbitrary waveforms must be considered. Observe that by requiring the symmetry condition (5) on w j (x), the local cosine basis functions k r and s , with r 6 = s, are still orthogonal. In a more recent paper 3], Chui and Shi studied the most general biorthogonal setting, without imposing (3){(5) on the two-overlapping window functions w j (x). In this paper, we are interested in recapturing (or reproducing) all trigonometric polynomials from the local trigonometric basis functions. The main motivation for this study is to initiate the study of vehicles that provide a transition from classical harmonic analysis to the analysis in terms of local cosines, or more generally, Wilson-type wavelets. As a speci c example, if we have cos n x = X j2Z X n a n jk k j (x); n = 0; 1; : : : (We will show in this paper that this can be achieved, and the expression can even be simpli ed, in that a n jk = (?1) jn a k (n) and b n jk = (?1) jn b k (n). Recall that P n are nite sums.)
The main concern in this paper is the smoothness of the basis functions k j , which directly depends on the smoothness of the window functions w j (x). It turns out that for the two-overlapping setting, we again have to give up orthogonality if we require w j (x) = w(x ? j) to be in C 1 (R):
The reason for restricting to the study of the uniformly spaced setting, with a j = j 2 Z; is that the trigonometric polynomials cos n x and sin n x are periodic. In addition, since this is the rst attempt to this research problem, we only focus our attention on the study of integer translates of a single window function w(x), namely, w j (x) = w(x ? j); j 2 Z: with T k j = C k j ; S k j ; or D k j . However, since S k j (x) = C k j (2j + 1 ? x), the same results that are established for w(x ? j)C k j (x) also hold for w(x ? j)S k j (x). Hence, it is safe to omit studying w(x?j)S k j (x). Restricting to the integer translates given by (7), the formulation of the dual windowsw j (x) =w(x ? j) of w j (x) = w(x ? j) in 3] is given bỹ w(x) = and for T k j = D k j , we have
2 Reproduction of constants from orthogonal local trigonometric bases
An important property of a local basis is whether the constant functions can be reproduced, i.e., pointwise generated. From 6, 8] , it is known that for k j (x) := w 1 (x?j)C k j (x) with w 1 ( 
we have
and that w 1 is the only two-overlapping window function that gives rise to the orthonormal local cosine basis f k j g for which (13) holds. Observe that the uniqueness of w 1 (x) for reproducing the constant function in (13) is restricted to the lowest frequency term, namely, k = 0. In the following, we show that even when higher frequency terms are allowed, the window function w 1 (x) remains to be unique. 
for x 2 0; 1 2 ]. Since f k j g is an orthonormal basis of L 2 , it follows from Lemma 1 that (9) and (10) 2 ) (x). In (14), we only consider reproduction of the constant functions. However, it turns out that all global harmonics can be reproduced by the orthonormal basis, as we will show in the next section. Observe that w 1 (x) is continuous but not di erentiable. If we want smooth two-overlapping basis functions to reproduce all global harmonics, then we have to replace orthogonality by bi-orthogonality. In this way, we have more freedom for the choice of the window functions. 
as ; N 2 N 0 ; (19) are to be used as the window functions. We will show in the following that, in fact, they are \optimal" windows for the reproduction of all trigonometric polynomials. Obviously, we have w N 2 C N?1 (R);
(20) and because of (20), we can choose window functions of arbitrary smoothness. We will now study how trigonometric polynomials are reproduced by using these windows. For this, we need the notation ;`( n;k+`+1 ? ?n;k+`+1 ):
By the bi-orthogonality of f k j g and f~ k j g, the assertion follows immediately.
By combining (21) and (22), it is possible to reproduce every harmonic cos(n x ? ) = cos cos n x + sin sin n x; n 2 N 0 ; 2 R; (24) in the form of a Marsden-type identity. This completes the proof of the theorem.
Analogous to Corollary 1, we have, as a consequence of Theorem 2, the following Marsden-type identity. Here, recall the notation of E k from (27). 
From the compound angle formulas, it follows thatw can also be written as w(x) = ? Analogous to the proof of Theorem 3, we see that for m = 2N ? 1, the coe cient matrix of (41) has full rank. Hence, the solution space has dimension 1, and this completes the proof of the theorem.
Remark 2 The uniqueness results in Theorems 3 and 4 only demand two harmonics, 1
and sin x, to be reproduced. From the proof of the theorems, we see that a local trigonometric basis which reproduces these two functions reproduces all global harmonics given by (24) as well. Indeed, (28) and (29) imply that the dual windoww satis es (33) or (38){(39), and one can easily deduce that hcos(n ? );~ k j i = 0; j 2 Z; k 6 2 fbn ? N 2 c; : : : ; bn + N 2 cg:
Therefore, the window functions w N (x) are indeed optimal in the sense that the highest order of smoothness is achieved by using the smallest number of required basis functions for the reproduction of trigonometric polynomials.
